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We propose and analyze an efficient high-dimensional quantum state transfer scheme 
through an YXZ-Heisenberg spin chain in an inhomogeneous magnetic field. By the 
use of a combination of coherent quantum coupling and free spin-wave approximation, 
pure unitary evolution results in a perfect high-dimensional swap operation between two 
remote quantum registers mediated by a uniform quantum data bus, and the feasibility is 
confirmed by numerical simulations. Also, we observe that either the strong 2 :-directional 
coupling or high quantum spin number can partly suppress the thermal excitations and 
protect quantum information from the thermal noises when the quantum data bus is in 
the thermal equilibrium state. 
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1. introduction 


The transfer of quantum state between two distant quantum registers is an essential 
task of quantum information processing (Qip ff Wh ile long-range quantum commu¬ 
nication can be realized by the use of photon^213|4j solid-state systems can 

act as quantum data buses to connect two separated registers for short-range com¬ 
munication, e.g., within a computer. Such data buses have bee n explored in the con¬ 
text of var ious q uantum systems ranging f rom trapped ion d ^— I and super-conduc ting 
flux qubitJ^ISIS] cavity arrayd^l ^^ ^ ^^ l and nanoelectromechanical oscillatorJB[ 
Due to the ability to provide an alternative to either direct register interactions 
or an interface between stationary and flying qubits, quanturn sp in chains have 
attracted much attention in recent years EZ| 28|29|30 | 31|32|33 | 34 | 35 | original 

schem4^, S. Bose studied a uniform spin chain of Heisenberg coupling, and quan¬ 
tum information can be efficiently transferred between two ends of the spin channel 
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via natural evolution. Moreover, many strategies aiming to achieve the perfect quan¬ 
tum state transfer (QST) over arbitrary distance have emerge d, such as engineering 
the coupling strength in a way depen den t of the chain lengtlff^^I^, implementing 
local measure ments of individual spinJI^and designing some special configurations 
of spin chainJiSliniini Alternatively, coherent quantum coupling has been widely 
used to achieve high-fidelitv OST bv tuning the registers to interact weaklv with 
the channe l ^ ™ ™. 

Compared to two-dimensional systems working as qubits, high-dimensional sys¬ 
tems as qudits also deserve to explore because they can carry large capacity and 
lead to a further insight into our unde rsta nding of quantum physics. Until now, 
many prop osals of quantum computatiorl ^and qu antum communication, e. g. qu an- 
tum cloninJSZEHl^ quantum teleportatioiJ®SIE2l, quantum key distribution^ and 
quantum correlatiorl^ have been ext ended to high-dimensional versions. Indeed, 
with some notable exceptionJ^SESHl]^ where perfect high-dimensional state trans¬ 
fer over long distance has been implemented by utilizing a repeated measurement 
procedure or a free spin wave approximation, pr ior work on perfec t QST in coupled- 
spin systems has primarily focused upon qubit 

In this paper, we devote our attention to a perfect transfer of high-dimensional 
quantum state through an XXZ-Heisenberg coupling spin chain of arbitrary length 
in an inhomogeneous magnetic field. On employing the Holstein-Primakoff trans¬ 
formation and the free spin wave approximation, the Hamiltonian takes the form of 
free bosons and can be diagonalized through an orthogonal transformation. Tuning 
the register-bus coupling in the xy plane to be much smaller than that within the 
data bus enables a special data bus collective eigenmode resonating with the two 
end registers. As a consequence, unitary evolution results in a perfect swap opera¬ 
tion between the two registers in the optimal time, and numerical simulations are 
performed to confirm it. Moreover, we observe that increasing either the strong z- 
directional coupling or high quantum spin number is capable of protecting quantum 
information from the thermal noises. 

The structure of the paper is as follows. In section 2, we introduce the analysis 
of the model and give the Hamiltonian. In section 3, we show that a high fidelity 
QST and the thermal effects. Finally, we summarize the whole mechanism and draw 
our conclusions in the section 4. 


2. Model and Analysis 

As shown in Fig. 1(a), an AAZ-Heisenberg model governs an (iV -|- 2)-site spin-S' 
chain in an inhomogeneous magnetic field. Only the nearest-neighbor interaction is 
considered and the system is described by 


H = Hb+Hi +Hm. 


( 1 ) 
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Fig. 1. (Color online) (a) Shown is a quantum data bus mediating two quantum registers, with 
an XXZ-Heisenberg coupling. We demonstrate that a perfect high-dimensional swap operation 
between the registers via purely unitary evolution over arbitrary distance by applying an inhomo¬ 
geneous field, (b) We employ a d-dimensional space spanned by the low-lying level states ranging 
from |0) to \d — 1) to encode quantum information as a qudit. The condition 2S >> d predicts 
that the spin-wave interaction can be neglected to yield a tight-binding Hamiltonian, which can 
be diagonalized through an orthogonal transformation, (c) On maintaining loq/Q^q << 1 ,there is 
a special data bus collective mode being resonantly coupled to the two registers, and off-resonant 
coupling can be neglected. Therefore, we achieve a high dimensional quantum state transfer pro¬ 
tocol through this eigenmode-mediated quantum channel. 


The Hamiltonian of the quantum data bus is 


Hb 


N-l N-1 

-Oo ^ {s+s-,, + S-S+,,) 

2=1 2=1 


( 2 ) 
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where Oq > 0 is the coupling strength in the a:?/-plane and > 0 is that along the 
z-direction. is the v {v= x, y, z) component of the spin operator at the i-th 
site with Sf" = Sf±iSf. Hj describes the interaction between the two end registers 
and the intermediate quantum data bus, 

Hi = -wo(5+^r + S+S^ + H.c.) - uj,{SlSl + (3) 

where ojq > 0 is the interaction between the sender (receiver) and the quantum 
data bus in the xy-plane and Wz > 0 is that along the z-direction. The Zeeman 
term reads 


N 

Hm = -{BsSI + BrS^^ + Y, B^sn, (4) 

i=l 

with Bi being the local magnetic field on the ith-site in the z-direction. By im¬ 
plementing the Holstein-Primkoff (HP) transformation = \J2S — a\aiai and 
Sf = S — ajai, the Hamiltonian can be rewritten in terms of boson operators, and 
the state of each spin is described by a Fock state instead. In general, the low-lying 
d-dimensional space of the sender is harnessed to encode quantum information, and 
the input state is |:ps) = Su=o while the data bus and the receiver align in 

a parallel way being a ferromagnetic order 0^, as sketched in Fig. 1(b). 

For a spin chain of -I- 2 spins-S”, the Hilbert space H. is of dimension 
{2S + 1)^+^. The Hamiltonian H preserves the total bosonic number = ajus + 
+ ‘4ue to [H, A^] = 0. Therefore, H can be decomposed into an invari¬ 
ant subspace Sg spanned by jn^,, ni, • • • , njv, rir) for n^,, = 0, • • • , d—1, and the 

dynamics of the system is completely restricted in the the -dimensional sub¬ 

space Sg. Suppose that the dimension of the transferred state is much smaller than 
quantum spin number, i.e., d << 25, the average boson number of each site could 
be much smaller than 25, << 25. Subsequently, the spin-wave interaction 

is negligible, such that the HP transformation is simplified to 
leading to a bosonized tight-binding Hamiltonian 

Hb = -2Ho5 + H.c.) - “ 5(aJaj -I- aYai+i)], 

Hi = —2uJoS{alai + aJoAr -I- H.c.) — ujz[2S'^ — 5(ajas -I- ajoi -I- -I- ojyaAr)], 


Hm = — 


B, (5 - ata«) + H, (5 - ata,) -f B^{S 



In order to achieve an efficient high-dimensional state transfer, we choose 

Bs = Br = 2H^5, 

Bi = Bn = H,5, 

i?2 = ■ ■ ■ = Bn-I = LUzS, 


( 5 ) 

( 6 ) 
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and apply the following orthogonal transformatioiffl^^ESl 


aj = 


N 

■E 


zfcTT 


N +1^ 7V + 1 

k—1 


sin- 




i = l,...,iV, 


the Hamiltonian H is transformed to 


N . N 

H= Y, [(£fe + r)c[cfe]+r(ajas + alar)+ Y, tk[alck + (-1) ajcfe + H.c]. 

k=l k=l 


(7) 


( 8 ) 


where Sk = -AOqS cos{j^), tk = -2u;oS and P = (20^ + a;^)S'. 

Note that the choice of the nonuniform field is applicable for only iV > 3, and in the 
special case of fV = 1, the field can be chosen as Bg = Br = oj^S + h and Bi = h 
with h> 0. 


3. Quantum state transfer and the thermal effects 

By restricting our discussion to a case of odd N chains, there exists a zero-energy 
data bus collective mode, corresponding to k= (N -|- 1)/2, being resonantly coupled 
to the two end registers with strength = —2ujqS/A where A = \/(JV + l)/2. 
Under the assumption that wq/Ho << 1/off-resonant coupling can be neglected 
as a result of -C — eK±i|, such that evolution dynamics behaves as an effective 
model in which only the two end registers and the K-th collective mode are involved, 
as illustrated schematically in Fig. 1(c). In this case, the effective Hamiltonian 

i7eff=r(c],c«; -I- alas + alar) + tf,[alcr, + (-1)'^“VJ.Ck -b H.c] (9) 

governes the evolution of the system. In the Heisenberg picture, the operators should 
evolve in the full space associated with iLeff- Thus by choosing evolution time r = 
7r/-\/2f„, it yields 

4(t) = ^ (-l)-e-*r-at, (iQ) 

which reveals that the quantum state of the sender can be perfectly transfered to 
the receiver in the optimal time r. A swap gate has been established between the 
sender and the receiver, up to an additional phase independent of the sent state. 
Without decoherence, our scheme can, in principle, achieve perfect QST in spin 
chains of arbitrary length. However, the optimal time should be much shorter than 
the coherence time when decoherence is present, and the chain length is therefore 
limited. 

To confirm the efficiency of our method, numerical simulations are performed. 
Initially, the whole system, including the two end registers and the intermediate 
data bus, is in a product state 

IV'(0)) = |<p).|0)®^|0)„ (11) 

and |0)®^^ = |0)i (g) • • • 0 |0)Ar. In general, the state of the receiver at time t is 
a mixed state Pr{t), which can be obtained by tracing off the other sites Prir) = 
Tr;.(e-*^‘|V'(0))(V’(0)|e*-f^*). 
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Fig. 2. (Color online) The average fidelity varies as a function of quantum spin number S with 
N = 3, d = 3 and = 0-1 for three values of the ^-directional coupling. Here, the evolution 

time is the optimal time r. 


A complex projective space is constructed by the set of the pure states 

of a d-dimensional Hilbert space. According to Hurwitz parametrization method, a 
pure d-dimensional state must be described by 2(d — 1) parameters including d — 1 
azimuthal angles 9i and d — 1 polar angles Lpi 

d-l 

|4') = (cos6id_i,sindd-i cosdd- 2 e*'^‘^"b sind^-i sindrf _2 cosdd_3e*'^‘^-^ sind^e*'^^ 

i=l 

( 12 ) 

with 9i G [0, and ipi G [0,27r). The fidelity between the sent state of the sender 
and the received state of the receiver at time r is given by F(T)=s{i^\pr{T)\ip) 
Correspondingly, the average fidelity over all possible input pure states is 

T(t)) = y jFir)dV. (13) 

Here, V = j (d — 1) is the total volume of the manifold of pure states, and 
dV = np=i cos dp (sind)^^”^ ddpdipp is the volume elementP^. In fact, the average 
fidelity is a generalization of the usual Bose formulsff^lj i.e. in the case of d = 2, Eq. 
o takes the same form as the average fidelity of the case of qubit. 

In Fig. 2 the average fidelity varies as a function of quantum spin number S 
when TV = 3 and d = 3 with uJo/riQ = 0.1. The numerical results are based on 
the Hamiltonian of Eq. (1), and three different z-directional coupling strengths are 
chosen to demonstrate the feasibility of the method. We observe that the average 
fidelity increases with S, and when wq/^o << 1 and d << 25, the average fidelity 
nearly tends to one, e.g., in a case of 5 = 10, (F(r)) is 0.9974 (black line), 0.9984 
(red line), and 0.9986 (blue line). The leakage of quantum information results from 
either the off-resonant coupling or the spin-wave interaction. 
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In the following, an investigation on the thermal effects will be numerically given 
when the quantum data bus is in a thermal equilibrium state described by 




(14) 


where Z = tr(e characterizes a partition function and T represents the 

temperature. The density matrix of the whole system is in a product state. 



T/coq 



T/fflo 


Fig. 3. (Color online) The average fidelity varies as a function of temperature with = 1 and 
d = 3 for either (a) three ^-directional coupling strengths in a case of 5 = 3, or (b) three quantum 
spin numbers in a case of ljq = Uz. Here, h = cOzS and the evolution time is the optimal time r. 


d-1 

p(0) = “/4O*i|M)j0),.(l^'U(0|,.(g)pB- (15) 

In Fig. |3] we plot the average fidelity as a function of the temperature for a bus 
of length iV = I initially in its thermal equilibrium state: F{t) decreases with T/ujq 
owing to the validity of free spin wave approximation only in the low boson exci¬ 
tation regime, however, increasing either ujz or S can depress the thermal noises to 
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prevent quantum information from leaking. In Fig.|3Ua), it should be noted that the 
z-directional coupling contains the spin-wave interaction found in nonlinear terms 
of the HP transformation, and such coupling can lead to the leakage of quantum in¬ 
formation, specially at very low temperature range. However, with the temperature 
increasing, the ^-directional coupling can effectively cope with the thermal effects, 
and provide the protection for quantum information instead. Moreover, from the 
model featured by H of Eq. dH), both the z-directional coupling and the magnetic 
field result in P being capable of protecting quantum information, in similar to the 
magnetic field applied on an XX coupling spin chain. 

4. Summary 

In this paper a quantum state transfer protocol has been studied through an XXZ 
coupling spin chain in the presence of an inhomogeneous magnetic field. Upon har¬ 
nessing coherent quantum coupling and free spin-wave approximation, off-resonant 
couplings and spin-wave interactions can be ignored, and consequently, an arbitrary 
unknown high-dimensional quantum state can be transferred between two remote 
registers with high fidelity via purely dynamical evolution. When the quantum data 
bus is in the thermal equilibrium state, the effects of the temperature on the state 
transfer protocol have also been numerically studied. In contrast to previous work 
on XX coupling spin chains, an additional z-directional coupling can depress the 
thermal excitations and partly counteract the thermal effects to ensure the feasibil¬ 
ity of the present method. With its scalability and robustness, this protocol may be 
applicable in a high-dimensional solid device for quantum information processing. 
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